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Boundary Layer Integration Analysis

Boundary Layer Approximations:

 x-momentum (u) >> y-momentum (v-v0)

(x-convection >> y-convection)
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 pressure x-derivative >> pressure y-derivative:

 no swirling
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Boundary Layer Integration Analysis

R

dx

Control Volume

YxRdVd 
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Boundary Layer Integration Analysis

Mass Conservation

YxRdVd 

Assumption: no swirling, R>> Y > , T

mass inflow rate = mass outflow rate
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dy

Boundary Layer Integration Analysis

Momentum Conservation

net x-force = net x-momentum outflow rate
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Boundary Layer Integration Analysis

Momentum Conservation

pressures forces = 


































  dxdypRd

dx

d
dypRd

YY

00

 

 dxYRd
dx

d
p 

shear stresses = dxRd 0   dxdYRY 

for Y > 

net force  = dxdypRd
dx

d Y











 

0

  dxYRd
dx

d
p  dxRd 0













Y

dypRd
0

 

dy



4

7

Boundary Layer Integration Analysis

Momentum Conservation

net force  = dxdypRd
dx

d Y
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Boundary Layer Integration Analysis

displacement thickness  
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momentum thickness  
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Boundary Layer Integration Analysis
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Boundary Layer Integration Analysis
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Boundary Layer Integration Analysis

Energy Conservation

net energy outflow rate =
heat sources + work rates done on CV

0 0     Y YRd dx u Rd dx u       

work rate by shear forces = )()0( YWW  

=0

net energy outflow rate = 0

Assumptions: no external sources

negligible pressure work
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Boundary Layer Integration Analysis

Energy Conservation
total energy i = internal + kinetic + pressure energy

energy inflow rate =
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

Thermal Boundary Layer Thickness

enthalpy thickness    2 0
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Boundary Layer Integration Analysis

enthalpy thickness
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

Energy Conservation
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Boundary Layer Integration Analysis

R(x)
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Boundary Layer Integration Analysis

R(x)
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Boundary Layer Integration Analysis
uniform flow over a flat-plate

flat-plate flow:                              and   constantU 0
dx

dR

Assumptions: 

• constant density: 

• constant properties:

• uniform wall temperature:

• no blowing/suction:

• kinetic energy << thermal energy: Ec << 1
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Uniform flow over a flat-plate
~ momentum boundary layer ~
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e.g. polynomial of 3rd order:  23
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Uniform flow over a flat-plate
~ thermal boundary layer ~

 guess temperature profile within the boundary layer

e.g. polynomial of 3rd order:
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Uniform flow over a flat-plate
~ thermal boundary layer ~
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Uniform flow over a flat-plate
~ thermal boundary layer ~

  12 Pr
280

39  f

   

1 2

3
T

x
x

U f

 
     

280
( )

13

x
x

U


 

     
2 2280 13 33 9

13 280 28 P

3

0 rT

x x

f fU f U 


    

 



 

  

T   

28

Uniform flow over a flat-plate
~ thermal boundary layer ~

 case II:    (Pr 1)    i.e.   1T T        
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 case I:    (Pr 1)    i.e.   1T T        
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Uniform flow over a flat-plate
~ thermal boundary layer ~

 case I:    (Pr 1)    i.e.   1T T        
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Other Heating Conditions

non-uniform wall temperature

 wall heat flux given 

 non-constant properties: use film temperature:

 flow over a body of arbitrary shape

 unheated starting length xxTTxxTT   0000 for      ; 0for    

 xTT 00 

 xq0

  02
1

 TTT f
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Unheated Starting Length
~ flat-plate flow ~

Recall that for               (case II):  T
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Unheated Starting Length
~ flat-plate flow ~
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Unheated Starting Length
~ flat-plate flow ~
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Unheated Starting Length
~ flat-plate flow ~
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Heated Spot
~ flat-plate flow ~

or  
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Heated Spot
~ flat-plate flow ~
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Heated Spot
~ flat-plate flow ~
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Heated Spot
~ flat-plate flow ~
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Heated Spot
~ flat-plate flow ~
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Heated Spots
~ flat-plate flow ~
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Heated Spots
~ flat-plate flow ~
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Arbitrary wall temperature
~ flat-plate flow ~
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Arbitrary wall temperature
~ flat-plate flow ~
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Wall Heat Flux 
~ flat-plate flow ~

Expect:   0for       as    )(  and  )0( 000   xqxxTTT

Also expect: T because initially the temperature difference is small.

Polynomial of 3rd degree:
T
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Wall Heat Flux 
~ flat-plate flow ~
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Wall Heat Flux 
~ flat-plate flow ~
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Wall Heat Flux 
~ flat-plate flow ~
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